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Abstract 
Random fatigue analysis techniques have concentrated on linear structures that 
exhibit symmetric stress range probability density functions (PDF).  In narrowband 
response and broadband random response it is assumed that the bending stress range 
PDF is symmetric and has zero mean stress. Structures that can exhibit geometrical 
nonlinearity, under large deflections, typically introduce membrane effects, which are 
additional positive tensile stresses that tend to skew the stress range PDF.  This paper 
investigates fatigue analysis approaches that include mean stress effects and show 
how they can be applied to nonlinear random vibration problems. 
INTRODUCTION 
Recent advances in nonlinear random vibration analysis techniques for structures 
have identified a need for a fatigue analysis failure criterion that includes the tensile 
membrane stresses.  The tensile membrane stresses combine with the cyclic bending 
stresses to form a skewed stress range PDF.  This paper reviews sinusoidal and 
random fatigue relationships and extends this theory to include nonlinear mean 
stresses. 
Sinusoidal Fatigue Life 


















where sar is the fully reversed alternating stress and Nf is the median cycles to 
failure.  The power law slope b (fatigue strength exponent) and the stress intercept 
'
fs  at one reversal (fatigue strength coefficient), or A at one cycle, are determined 
experimentally.  The symbol s  is used here to denote stress instead of σ, which is 
used to denote the standard deviation.  The life Nf that is expected for a given 
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Sinusoidal Fatigue Life with Mean Stress 
A recent paper by Dowling [1] describes four methods that have been developed over 
the past ~100 years to determine fatigue life for alternating stresses combined with 
mean stresses.  This section summarizes the currently accepted methods. 
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s  (5) 
where the ratio R of minimum and maximum stress values at the trough and peak of 
the cycle is: 
 min
max
R = s s  (6) 
The fully reversed zero mean case is when R = -1.  Note, (5) reduces to (2) when the 
exponent γ =1.0.  The special case of the Walker equation for γ =0.5 gives the Smith-
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A modified version of the Walker equation is used in MMPDS-01 [2], (the 
replacement for MIL-HDBK-5), based on the stress ratio R and an equivalent stress 
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(Section 9.6.1.4 from [2] gives a thorough discussion of (8)).  The term A4 represents 
the fatigue limit stress or “endurance limit”. 
Random Fatigue & Damage 
The number of cycles to failure for a narrow band random process (see [6]) is: 
 ( ) ( )1
0
b
f nr a a aN A p d
∞
= ∫ s s s  (9) 
where ( )ap s  is the PDF of stress peaks.  For the narrow band response assumption, 
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s  (10) 
whereσs is the standard deviation of stress, 1 bβ = − , and Γ is the Gamma Function.  











where D is the summation of damage, Nk are the number of cycles for load case k and 
Nfk are the number of cycles to failure for case k.  D=1 indicates a probability of 
failure = 0.5 (i.e. half of population is expected to have failed). 
When one considers a narrow band random process the expected value of 
damage for a given random load case reduces to: 
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where E[0] is the expected rate of zero crossings and T is the duration of the load: 
 [0]N E T=  (13) 
A wideband random process is more interesting; the distribution of peak 
amplitudes diverges from the Rayleigh PDF and the response will include positive 
peaks with negative magnitude (see [7] and the cited references).  The de-facto 
method for evaluation of a wideband random response is the time domain rainflow 
range cycle counting method [8]. 
Dirlik [9] (see also [7]) developed an empirical relationship for estimating the 
rainflow range PDF based on the spectral moments of the stress power spectral 
density (PSD).  It is interesting to note that Dirlik’s PDF only estimates the rain flow 
range amplitudes, i.e. the estimates do not include mean stresses. 
4 
PROPOSED TWO DIMENSIONAL STRESS & DAMAGE PDF 
The proposed method to include mean stresses in a random linear or nonlinear 
damage equation is: 



















where ( )0,ap s s  is the joint PDF of stress amplitude & mean stress rainflow ranges 
and ( )0,ak s s  is a function of material properties and the chosen non-zero mean 
stress fatigue equation.  The problem is that there is no known closed-form or 
empirical relationship for ( )0,ap s s .  The joint probability density function ( )0,ap s s  
can be estimated numerically as a histogram with cycle counting algorithms (see for 
example the dat2rfm function in WAFO [10]). 
WAFO Rain Flow Matrix 
The 2D histogram of rainflow ranges calculated by the WAFO dat2rfm function is 
called a rainflow matrix (RFM).  A RFM is a convenient numerical estimation of the 
joint PDF.  The RFM has minimum and maximum stress axes, which can easily be 
related to the amplitude and mean stress dimensions proposed for the 2D rainflow 
PDF.  Only half of the RFM is used because the minimum stress can never be greater 
than the maximum stress.  The WAFO group has chosen to display the RFM as 
shown in Figure 1 with the minimum stress on the x-axis and maximum stress on the 
y-axis.  The figure also has lines drawn along constant values of the stress ratio R, 
which give insight into the distribution of ranges.  Constant amplitude conditions are 
found along diagonals of positive slope and constant mean stress ranges are found 



























Figure 1 The WAFO convention for Rain Flow Matrix (RFM), with special stress range cases. 
5 
Random Fatigue Damage using the RFM 
The proposed discrete random fatigue damage equation based on the RFM 2D 




( )min max min max
min max min max







s s s s
s s s s
s s s s
 (15) 
where the normalized rainflow matrix RFMn and the number of rain flow cycles NRF 
are defined by: 













s s  (16) 
Note that RFMn is related to the 2D stress PDF by: 
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The denominator of (15) is determined based on a choice of fatigue equations.  The 
estimate using the alternating stress equation (2) (with no mean stress effects) is: 
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The alternating stress ( )max min 2a = −s s s  varies over the RFM and is calculated for 
each histogram bin.  The estimate using the Morrow equation (3) is: 
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The mean stress ( )0 max min 2= +s s s  also varies over the RFMn and is calculated for 
each histogram bin.  An alternate form of the Morrow equation (4) follows this form 
with fBs%  substituted for f′s .  The damage estimate using the Walker equation (5) is: 
 ( )
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The R value is calculated for each histogram bin using equation (6).  The Smith-
Watson-Topper equation (7) follows this form with the exponent 12γ = .  The damage 
estimate using the modified Walker equation and the equivalent stress equation (8) 
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A set of functions has been developed to estimate damage given a RFM and a 
choice of fatigue equations (18) through (21).  These will be compared with 
experimental results in the next section. 
6 
APPLICATION OF TWO DIMENSIONAL STRESS & DAMAGE 
HISTOGRAMS 
WPAFB Experimental Data 
The results here are from a series of broadband base excited (input 20-500 Hz) 
clamped-clamped beam experiments, conducted at WPAFB [11].  The large 
deflection response of the beam resulted in significant nonlinear membrane stresses, 
resulting in skewed surface stress range PDFs.  The results of a numerical analysis of 
this response data (88 s at 4096 Hz sample rate for each input) using the WAFO RFM 
functions and the proposed damage functions are presented below. 
Figure 2 shows the normalized RFM and RFD matrices from the WPAFB data 
at the lowest test level of 0.5 g RMS input.  The data was normalized using the 








s  (22) 
The RFM shows a nearly symmetric distribution about the R = -1 diagonal.  
There are also many low amplitude cycles in the data from the wideband multi-modal 






Figure 2 Normalized Total Stress (a) and Damage (b) Rain Flow Matrices: σs = 5.543 Mpa (0.804 
ksi), µs  = 0.215 Mpa (0.031 ksi), E[Dm]= 6.29e-13, Input = 0.5 g 
The RFD matrix was calculated using the Morrow equation (19) and SAE 1015 
material properties from [1].  Note that most of the damage is a result of the large 
amplitude cycles that occur between ~ 2 and 4 sigma (see Figure 2(b)); the large 
quantity of low amplitude cycles cause very little damage.  As the input level was 
increased, the stress response of the beam became much more nonlinear, resulting in 
skewed RFMs as shown in Figure 3(a) and Figure 4(a).  As with the low level case, 
the majority of the damage occurs between ~ 2 and 4 sigma.  A comparison of the 
damage calculated using different fatigue equations is shown using the 8 g input data 
7 
in Figure 4(b) (Morrow equation (19)), Figure 5(a) (Walker equation (20)) and Figure 
5(b) (alternating stress equation (18)).  As expected, the alternating stress equation 
estimates the smallest damage (5.05e-06) while the Morrow and Walker estimate 







Figure 3 Normalized Total Stress (a) and Damage (b) Rain Flow Matrices: σs = 14.70 Mpa (2.13 





Figure 4 Normalized Total Stress (a) and Damage (b) Rain Flow Matrices: σs = 32.48 Mpa (4.71 
ksi), µs  = 9.402 Mpa (1.36 ksi), E[Dm]= 7.38e-06, Input = 8 g 
SUMMARY 
A method to include tensile mean stresses in a fatigue damage analysis for nonlinear 
random response has been developed based on several commonly accepted sinusoidal 
fatigue equations.  Experimental nonlinear results were used to illustrate the 
8 
usefulness of the proposed method.  Further examples and theoretical discussion of 
the findings will be published in the future.  
The primary author thanks WPAFB Structural Mechanics Branch for providing 






Figure 5 Normalized Damage Rain Flow Matrices using Walker Equation(a) and Alternating Stress 
Equation (b): E[Dw]= 1.31e-05, E[Da]= 5.05e-06, input = 8 g 
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